DIFFERENTIABILITY OF QUERMASSINTEGRALS: A
CLASSIFICATION OF CONVEX BODIES

M. A. HERNANDEZ CIFRE AND E. SAORIN

ABSTRACT. In this paper we characterize the convex bodies in R™ whose quer-
massintegrals satisfy certain differentiability properties, which answers a ques-
tion posed by Bol in 1943 for the 3-dimensional space. This result will have
unexpected consequences on the behavior of the roots of the Steiner polyno-
mial: we prove that there exist many convex bodies in R™, for n > 3, not
satisfying the inradius condition in Teissier’s problem on the geometric prop-
erties of the roots of the Steiner polynomial.

1. INTRODUCTION AND MAIN RESULTS

Let K™ be the set of all convex bodies, i.e., compact convex sets in the Euclidean
space R™, and let I be the subset of K" consisting of all convex bodies with non-
empty interior. A convex body K is called strictly convez if its boundary bd K does
not contain a segment, and regular if all its boundary points are regular, i.e., the
supporting hyperplane to K at any = € bd K is unique. Moreover, let B,, be the
n-dimensional unit ball and S*~! the (n — 1)-dimensional unit sphere of R™. The
volume of a set M C R", i.e., its n-dimensional Lebesgue measure, is denoted by
V(M), its closure by cl M, its convex hull by conv M and its affine hull by aff M.

For two convex bodies K € K™ and E € Kjj and a non-negative real number
A the outer parallel body of K (relative to E) at distance X is the Minkowski sum
K + XE. For 0 < X < r(K; E) the inner parallel body of K (relative to E) at
distance X is defined as the Minkowski difference

K~ AE={2eR":A\E+2x C K},
where the relative inradius r(K; E) of K with respect to F is given by
r(KG;E)=sup{r:Jz e R" withz +rE C K}.

When the gauge body E = B,,, then r(K; B,,) is the classical inradius (see [2] p. 59]).
Clearly if A = 0 the original body K is obtained. Notice that K ~ r(K; E)E is the
set of relative incenters of K, usually called kernel of K with respect to E. The
dimension of the kernel is always strictly less than n (see [2, p. 59]). Inner parallel
bodies and their properties have been studied in [1, 3} 14, [8, 9, 13} (14} [15] 17, [18].
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From now on we will write K, to denote the (relative) inner/outer parallel bodies
of K, i.e.,

K~ \NE for —r(K;E) < A<0,
(1.1) Ky =

K+ \E for 0 <\ < oo.

Minkowski subtraction is a kind of complementary operation to Minkowski addition:
it is easy to prove (see [22, pp. 133-134]) that, in general,

(K+E)~E=K but (K~E)+ECK.

Equality holds in the above inclusion if and only if E is a summand of K, i.e.,
K =L+ FE for some L € K". A detailed study of the Minkowski difference and of
summands of convex bodies can be found in [22] s. 3.1, 3.2].

The so called relative Steiner formula states that the volume of the outer parallel
body K + AFE is a polynomial of degree n in A > 0,

n i
(1.2) V(K + \E) _; (Z_>W1(K,E))\.
The coefficients W, (K; E) are called relative quermassintegrals of K, and they are
just a special case of the more general mized volumes for which we refer to [22] s. 5.1]
and [7, s. 6.2, 6.3]. In particular, we have Wy (K; E) = V(K) and W, (K; E) =
V(E). If E = B, then the polynomial in the right hand side of (1.2) becomes the
classical Steiner polynomial, see [23]. For the sake of brevity we write fx g(\) =
Sy (MYWi(K; E)A" to denote the relative Steiner polynomial of K € K™ with
respect to B € Kf.

Analogous formulae to (1.2) give the value of the relative i-th quermassintegral
of K + AFE, namely
(13) WK 4B B) = 3 (" ; ) Wik (K )N,

k=0

for A\>0andi=0,...,n (see [22, (5.1.27) and p. 212]). However, the boundary
structure of inner parallel bodies is rather more difficult to control (they are not
built just by using a vectorial operation in the Euclidean space), and it also entails
that there is no standard way to compute (in general) their volume (quermassinte-
grals). In [14] 15] the interested reader can find a detailed study of this question,
where it is also proved that there is even no chance to give lower/upper bounds for
the volume of the inner parallel body of K € K™ in terms of the so called alternating
Steiner polynomial (the polynomial obtained from (I1.2) replacing A by —A).

The polynomial expression (1.3) for the quermassintegrals of outer parallel bodies
leads to consider the more general function W;(X) := W;(Ky; E), A > —r(K; E),
which is trivially differentiable for A > 0 (right derivative for A = 0). So, the
problem arises to determine differentiability properties of W;(A) when inner parallel
bodies are considered. From the concavity of the family (1.1) and the general
Brunn-Minkowski theorem for relative quermassintegrals (see e.g. [22, p. 339]),
it is obtained that "W;(A) > W;(A\) > (n — i)W;31(A\) for ¢ = 0,...,n — 1 and
for —r(K;E) < A < 0. Here "W; and W, denote, respectively, the left and right
derivatives of the function W;(A), and for A = —r(K; E) (respectively, A = 0) only
the right (left) derivative is considered. In [13] the following natural definition is
introduced.
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Definition 1.1. Let E € K and let p be an integer, 0 <p < n—1. A convex body
K € K™ belongs to the class Ry, if, for all 0 < ¢ < p and for —r(K; E) < A < o0, it
holds

(1.4) Wi(A) = W;(A) = Wi(A) = (n — ) Wi (N).

Here W denotes the full derivative of W; since the function is differentiable.
Notice that the class R, depends on the fixed convex body E. Nevertheless, and
for the sake of simplicity, we omit E in the notation. Observe also that (1.4) trivially
holds for outer parallel bodies (cf. (1.3)).

It is well-known (see e.g. [I} [17]) that the volume is always differentiable with
respect to A and V/(\) = nW;(A), which implies that Ry = K". Just from the
definition it holds R;4+1 C R4, @ = 0,...,n — 2, and all these inclusions are strict
(see [13]), since there exist (n — i — 1)-tangential bodies of F lying in R; which are
not in R;y1 (see Section 2| for the definition). It can be also easily proved that if
K € R,, then K + pE € R,, for all p > 0 (see Remark [4.1)).

In [8, §23, §29] Hadwiger classified 3-dimensional convex bodies according to the
differentiability of quermassintegrals in the above sense, for E = Bj, defining three
classes, R, Rg, R, which correspond in our notation to Rg, R1, Ra, respectively.
Earlier, Bol [1l, p. 52] had asked for which convex bodies equality in (1.4) is satisfied
when ¢ = 1, i.e., which are the sets in Rg. In [13] the general n-dimensional problem
is studied. In particular, it is shown that the smallest class is given by

(1.5) Ruc1={L+ME:LeK", dmL<n—1, A>0}

for all £ € K. Furthermore some necessary conditions for a convex body to belong
to the other classes are given.
In this paper we determine the convex bodies lying in the class R, _o:

Theorem 1.1. Let E € K be regular and strictly convexr. A convex body K €
Run—2 if and only if K is (an outer parallel body of ) a cap-body of any set lying in
Rn—1, satisfying the condition

(1.6) CIUQ(K) =Uy(K)+ K™)
for —r(K; E) < A <0.

Here Uy(K') denotes the set of the so called O-extreme vectors of K, and K* is
its relative form body (see Section 2 for definitions). A cap-body of E is the convex
hull of £ and countably many points such that the line segment joining any pair of
those points intersects F.

Although condition (1.6) is technical and possibly not easy to interpret, there is a
lot of geometry hidden behind it: Corollary [4.1] and Remark [4.2] collect geometrical
properties implied by this condition, whereas Remark 2.1/ shows a convex body
not satisfying (1.6). Notice also that the class R,_1 can be characterized in full
generality for an arbitrary I € Kf, since the proof relies ultimately on formulae
(1.3). However, the technical requirements for the proof of Theorem [1.1 do not
allow a direct extension to an arbitrary E € Kf, and the regularity and strict
convexity are needed.

Theorem [1.1] answers the question posed by Bol in [1], and together with charac-
terization (L.5) of R,_1 we set the complete description of the bodies lying in the
classes defined by Hadwiger. To describe the solution we keep the original notation
in [8] for the classes R, in dimension n = 3 with E = Bs, namely, Rg = Ry and
R, = Ro.
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Corollary 1.1. The only sets in R, are outer parallel bodies of k-dimensional
convex bodies, for 0 < k <2, i.e.,

Ry={L+AB3:LeK® dimL <2, A>0}.

A convex body K € Rg if and only if K is (an outer parallel body of ) a cap-body of
any set lying in R, satisfying (1.6) for —r(K;Bs) < X < 0.

Theorem 1.1 has a consequence on the behavior of the roots of the Steiner poly-
nomial fx g()\). Based on a problem posed by Teissier in [24], Sangwine-Yager
stated in [19] the following conjecture (see also |20} p. 65]).

Conjecture 1.1. Let K, E € K™. If a; < --- < a, are the real parts of the roots
of fr,g(XA), then a1 < —R(K; E) < —r(K; E) <a, <0.

Here R(K; F) = min{R : 3z € R" with K C & + R E} is the relative circumra-
dius of K with respect to . The full conjecture is known to be true in dimension
n = 2, but false in general dimension. Precisely, in [10, [11] it is shown that:

i) a; <O0foralli=1,...,n when n <9, whereas for n = 12 there are sets K
for which fx p,,(A\) has roots with strictly positive real part.
ii) for n = 3 and E = Bj there exist convex bodies K such that a; > R(K; Bs)

foralli=1,...,n.
iii) for n = 3 there are convex bodies K, E such that a; < r(K;FE) for all
i=1,...,n.

However, for the counterexamples of case iii) the gauge body is not the ball. So the
conjecture might be true (for some value of the dimension) when the gauge body
is E = B,,. As a consequence of Theorem [1.1/ we are able to prove that it is not so
for n =3 and E = Bs.

Theorem 1.2. There exists K € K3 such that all the roots of fr p,(\) are real
and strictly less than —r(K; Bg).

The paper is organized as follows. In Section 2| we give the needed notation
and definitions, as well as preliminary lemmas. The proof of Theorem 1.1 relies
on results which state properties of the sets lying in R,,_s; they are contained in
Section 3. The last two sections are mainly devoted to the proofs of Theorem [1.1
and Theorem [1.2), respectively.

2. ADDITIONAL NOTATION AND PRELIMINARY LEMMAS

For convex bodies Ki,...,K,, € K" and real numbers Ay,..., A\, > 0, the
volume of the linear combination A\ K1 + - - - + A\, K, is expressed as a polynomial
of degree n in the variables A1, ..., Ay,

m m
VKL + o+ A K ) = D> oo Y V(K K )N - Ay
=1 =1
whose coefficients V(K;,, ..., K; ) are the mized volumes of K, ..., K,,. This for-

mula (and hence mixed volumes) extends the relative Steiner formula (1.2) (relative
quermassintegrals). In particular, the i-th quermassintegral

(2.1) Wi(K;E) =V(K, "D K, B, ). E).
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The mized surface area measure S(K1,...,Kn_1;-), for K,...,K,_1 € K", is the
unique finite Borel measure on S"~! such that for all K € K",

(22) V(K,Kl,...,anl):%‘/S 1h(K,U)dS(Kl,...,anl;u).

Here h(K,u) = sup{(ac,u> x € K}, u € R", denotes the support function
of the set K € K" (see e.g. [22, s. 1.7]). For the sake of brevity we will
write (Ki[r1],.... Kplrm]) = (K1, "), Ky,..., Ky, U7, K,;,). For a deep study
of mixed volumes and mixed surface area measures we refer to [22] s. 5.1].

A vector u € S ! is an r-extreme normal vector of K, 0 < r < n — 1, if it
cannot be written as v = uj; + --- + u,42, with u; linearly independent normal
vectors at one and the same boundary point of K. We write U,.(K) to denote the
set of r-extreme normal vectors of K and it is clear that U,.(K) C Us(K) for any
0 <r <s<n-—1. Polytopes provide an easy example in order to distinguish the
different types of extreme vectors: the normal vectors at any point of the relative
interior of an (n — i)-face is an (i — 1)-extreme vector. Notice also that if z € bd K
is a regular point, then the only outer normal vector at = is 0-extreme; indeed,
0-extreme vectors are normal vectors either at regular points or at limits of regular
points. We mention also that, in general, the set Uy(K) is not closed, as shown
in Figure (1, the intersection of a cylinder and two suitable subspaces: all normal
vectors at any point in the circle C' are 0-extreme except for ug.

FIGURE 1. Up(K) is not closed (figure is taken from [18 p.28]).

A support plane is said to be r-extreme if its outer normal vector is r-extreme.
For a detailed study of r-extreme vectors we refer to [22, s. 2.2] (see also [18, ch. 2]).

The (relative) form body of a convex body K € K§ with respect to E € K,
denoted by K*, is defined as (see e.g. [4])

K" = ﬂ {z: (z,u) < h(E,u)}.

UEUQ(K)

Notice that (K*)* = K*. For an alternative (equivalent) definition of form body
see [22] p. 321]. Notice that K* depends also on the gauge body E. Nevertheless,
and for the sake of simplicity, we again omit E in the notation.

Finally, a convex body K € K" containing E € Ky is called a p-tangential body
of E;pe€ {0,...,n—1}, if each (n —p— 1)-extreme support plane of K supports E.
For further characterizations and properties of p-tangential bodies we refer to [22,
Section 2.2]. It is easy to see that a O-tangential body of F is E itself and each p-
tangential body is also a g-tangential body for p < ¢ < n—1. Moreover, 1-tangential
bodies are just the cap-bodies (see [22, p. 76]). We will briefly call tangential body
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an (n — 1)-tangential body. Notice that the form body K* of a convex body K is
always a tangential body of F, and there exist p-tangential bodies of E which are
not (p — 1)-tangential bodies of E (see e.g. [0, p. 163] or [10, Proof Th. 1.2]).

2.1. Some preliminary results. In [I3, Lemma 2.1] it is shown that if £ € K}
is a regular convex body then, for any K € K",

(2.3) AUy (K) = Uy (K™).

Moreover, it is known that for any K € K™ and —r < A < 0 it holds (see [I8,
Lemma 4.5])

(2.4) Uo(Kx) € Uo(K),
and for any K, L € K™ we have (see [18, Lemma 2.4])
(2.5) Up(K) Ulo(L) C Uo(K + L)
and (see [15, Lemma 3.1])
(2.6) Uy(K + L) =Uy(K + L), X>0.
We show a similar property regarding the (n — 2)-extreme vectors of the sum.
Lemma 2.1. Let K,L € K™. Then for any p > 0 it holds
AUy _o(K + pL) = clUy—o(K) U clly,—2(L).

Proof. Let E € K™ be a regular and strictly convex body. Then it is known (see
[21, pp. 135-136]) that for any K € K™ and for i =0,...,n — 1,
(2.7) supp S(K[n — i — 1], E[i];-) = clU;(K).
Here supp v denotes the support of the measure v.

In particular, clU,—o(K + pL) = suppS(K + pL, E[n — 2];-), and the linearity
of the surface area measure in each argument (see [22, p. 279]), i.e.,

S(K + uL,Eln —2];-) = S(K, Eln - 2];-) + uS(L, E[n — 2J;-),
allows us to conclude that
supp S(K +uL, E[n — 2];+) = supp S(K, E[n — 2];-) UsuppS(L, E[n — 2];-)
= clUp—o(K)UclU,_o(L),

as required. O

From now on we will write r = r(K; E) for the sake of brevity, unless it is not
clear from the context.

It is known (see [18, Lemma 4.8]) that it always holds
(2.8) KD Ky +|\K*

for any K € K", E € K and all —r < A < 0. Taking into account that
limy—,_ K = K_; (see e.g. [9, s. 4.3.1]) and the continuity of the support func-
tion on K™ with respect to the Hausdorff metric, it is easy to see that whenever
a relation of the type (2.8) holds for —r < A < 0, then also the case A\ = —r is
covered:

Lemma 2.2. Let K € K" and let E € K. If K = Ky + |\ K* for every —r <
A <0, then it also holds K = K_, + rK*.

In [I5, Theorem 2.2] the convex bodies K € K™ satisfying K = K + |A\| K* for
every —r < A < 0 are characterized:
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Theorem 2.1 ([15, Theorem 2.2]). Let K,E € K with E regular. Then K =
K+ A\ K* for every —r < XA <0 if and only if K is a tangential body of K_, +1FE
satisfying that for all —r < X\ <0,

(2.9) Uo(K) = Uy (Kx + K*).

It can be proved that this characterization may be expressed in terms of condition
(1.6)) in the following way.

Theorem 2.2. Let K, E € K with E reqular. Then K = Ky + |\ K* for every
—1r < A <0 if and only if K is a tangential body of K_, + rE satisfying condition
(1.6) for all -r < A < 0.

We would like to notice that conditions (1.6) and (2.9) are equivalent in this
particular case, because the special fact that K = K + |A|K* implies that Uy(K)
is closed (cf. also Figure [1)).

In order to show Theorem [2.2] we need the following result, proved in [18]. We
write K = (Kx)* to denote the form body of the inner parallel body of K at
distance |A|, —r < A < 0; notice that K* can be unbounded or empty.

Lemma 2.3 ([18, Corollary to Lemma 4.8 and Lemma 4.9]). Let K € K" and let
E e K§. If for every —r < A <0
(2.10) clUp(Kx) = Uo (K + K3),
then the following properties hold:
i) K C Ky +|\K3 and
ii) di)\h(KA,u) = h(K},u) for every u € S"~1.

We point out that, for all u € S*~!, since h(Ky,u) is concave and monotonous
with respect to A € (—r, 0], the derivative of h(Ky,u) always exists almost every-
where for A <0 (cf. [18, Lemma 4.9]).

Notice also that condition (2.10) differs from condition (1.6) (when A # 0), and
none of these implies the other. A detailed study about condition (2.10) can be
found in [I8| p. 39]

Proof of Theorem[2.2. If K = Ky + |A\| K* for every —r < A < 0, then Theorem
2.1l yields that K is a tangential body of K_, +rE satisfying condition (2.9)) which,
together with (2.5), (2.3) and (2.4) gives

Up(K) = Up(Kx + K*) 2 U (Kx) Ul (K™) = Up(Kx) U cllp(K) = clUp(K).

This implies that Uy(K) = clUy(K), and hence we get condition (1.6)).

It remains to show that if K is a tangential body of K_, 4+ rE satisfying (1.6)
for all —r < XA < 0, then K = K + |A| K* for every —r < A < 0. Since K is a
tangential body of K_, +rFE, it is known (see [15, Lemma 3.2]) that

(2.11) Uo(Kx) =Up(K) for —1r <A <0,
which implies that K* = K3 for —r < A < 0. Then

cAlUp(Ky) = clUp(K) =Up(K\ + K*) = U (Kx + K3)
for —r < A <0, and we can apply Lemma 2.3/ii) to get

%h(K,\,u):h(K;,u):h(K*,u), for —r<A<0, ueS"L
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Now for each u € S*~1, the function f(\) = h(K,u) — h(Ky,u) + A(K*, u) is
absolutely continuous (since h(Ky,u) is concave in A, see [7, Theorem 1.1]), almost
everywhere differentiable and satisfies f'(A\) = 0 for —r < A < 0 and f(0) = 0.
Then f=0in —r < A <0, i.e.,

h(K,u) = h(Kx,u) + |A| h(K",u) = h(K) + |A| K", u)

which implies that K = K + |A\| K* for —r < A < 0. Lemma 2.2 ensures that
K = Ky + |\ K* in the full range —r < A < 0. O

Next lemma shows, roughly speaking, that the property of being a cap-body is
“transfered” to the inner parallel bodies and the form body.

Lemma 2.4. Let E € Kf be a regular convex body and let K € K™ be a cap-body
of K_, +rFE satisfying condition (1.6)) for all —x < X\ < 0. Then

i) K* is a cap-body of E and

ii) K is a cap-body of K_, + (r + M) E.
Proof. 1) Since K is a cap-body of K_, 4+ rFE satisfying (1.6), Theorem 2.2 ensures
that K = K, + |A K* for every —r < A < 0. Then by Lemma 2.1/ we get, in
particular, that

AlUp—2(K*) C clly—2(Kx + |A| K*) = clUp—2(K).

From the regularity of E we know that clUy(K) = Up(K™) (cf. (2.3))) and moreover,
K_, +rF is also regular. Hence, since K is a cap-body of K_, 4+ rF, it follows that
Uy(K) = Up—2(K) and we get
L{n,g(K*) Q clL{n,g(K*) Q clL{n,Q(K) = CIZ/{O(K) = Z/[(](K*)

Then K* is a tangential body of F satisfying that Uy(K*) = U,,—2(K*), which
shows that K* is a cap-body of E.

Now we prove ii). In [15, (3.8)] it is shown that whenever we have the decom-
position K = K + |A| K* for K € K™ and all A € [—r, 0], then
(2.12) Ky=K_,+{x+MNK"
for all A € [—r,0]. By Theorem 2.2 K = K, + |A\| K* for every A € [-r1,0], and
thus (2.12) holds. Moreover, since K is a tangential body of K_, 4+ rF, we know
that U (Ky) = Up(K), ie., K* = K5, for —r < A < 0 (cf. (2.11)). Thus, we get
Ky=K_ ,++MNK*=K_,+(r+ MK}, and Theorem 2.2 applied to K ensures
that all inner parallel bodies of K are tangential bodies of K_, + (r + A)E. It

remains to show that moreover, it is a cap-body of K_, + (r + A\)E. From (2.12) it
follows that for any —r < A\ < 0 and every u € Up(K)

h(Kx,u) = h(K_,,u) + (r + Nh(K*,u) = h(K_,,u) + (r + N h(E, u).
Then it is enough to prove that
(2.13) Up(Ky)) =Up—2(K)) forevery —1 < A <0,
since these last two assertions, together with (2.11), imply that
h(Kx,u) = h(K_;,u) + (r + Ah(E,u) = h(K_, + (r + A)E, u)
for every u € Uy(K) =Up(K ) = Up—2(K))
and any —r < X\ < 0; it shows that K is a cap-body of K_, + (r + A)E.
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We prove (2.13). Using Lemma [2.1] twice and (2.12) we get
ch/{n,g(K) = Clun,Q(K,r + I‘K*) = Clun,Q(K,J U cll/{n,z(K*)
=clU,_o (K,r +(r+ )\)K*) = clU,_o(K)).

Moreover, since K is a cap-body of a regular convex body, it holds that Uy(K) =
Un—2(K), and with (2.11) we can conclude that

C]Z/{O(KA) = CIU()(K) = Clun_g(K) = Clu”_Q(K)\)

for every —r < A < 0. Finally we show that the closures can be omitted. Indeed,
since Ky = K_, + (r + A\)K*, then by (2.5) we get that, in particular, Uy(K™*) C
Uy (K ). Thus, together with (2.11) and (2.3) we obtain that

CM/{Q(K}J = C]UQ(K) = U()(K*) g Z/{O(KA) g Z/{n_Q(K)\) g Clun_Q(K)\).

Since clUy(Ky) = clU,—2(K)y), the inclusions in the middle also coincide, i.e.,
Uo(Ky) = Up_2(K)), as required. O

Remark 2.1. Note that condition (1.6) cannot be omitted in the above lemma, as
the following example, provided in [15, Remark 3.2], shows. Let ¢ C R? be a line
segment of length not smaller than 2 and take a point z lying outside the solid
cylinder with circular cross section of radius 1 and axis the line aff 0. The convex
body K = conv{c + Bs, z} (see Figure 2] left) is a cap-body of o + B3 = K_; + Bs,
since r(K;Bs) = 1 and K_; = 0. In addition, K* is the convex hull of Bs and
a suitable segment (see Figure [2, right), which yields that K_; + K* has more 0-
extreme vectors than K, namely, (0,0,1) € Uy(K_1 + K*)\Uy(K). Thus condition
(1.6)) does not hold. Besides, item i) in Lemma 2.4 is not fulfilled.

FIGURE 2. A cap-body of K_, 4+ rBs not satisfying (1.6) and its
form body.

The following lemma shows that condition K = K + |A\| K* can be related to
the linearity of the family K. Again condition (1.6) plays a crucial role.

Lemma 2.5. Let E € K§ be a regular convex body and K € K". Then K =
Ky + |M K* for any —r < X <0 if and only if

A A
(2.14) K= Mg o (1 - ||> K
T r
for every —r < A <0 and condition (L.6) holds.

Proof. First we assume that K = Ky, + |A\| K*. Then from Theorem 2.2 we get
condition (1.6), and it also holds that Ky = K_, 4 (r— |A[)K* for any —r < A < 0.
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Thus,

AU{r+<1—|A>1(=|MKTr+<1—|M>(Kg+LXKﬂ
r T r r
Al

T

— A A
K—r+%||KA+| |

T

(r = M) K

A RN ELY
= K R

A — A
A, ¢ 1= 1Al r' Ky = Ko,

K

T
Conversely, now we assume (2.14) and (L1.6). Using (2.4), (2.5) and (2.6) we get
from (2.14) that

Uo(Kx) D Up(K_y) Ul (K) D Us(K) D U (K1)

for all —r < A <0, i.e., Up(Kx) = Up(K). On the other hand, it is known (see [18|
Lemma 4.4]) that if u € Uy(K ) then h(Kx,u) = h(K,u) — |\ h(E,u). Thus for
every u € Up(K) = Up(K ) we have

_
r

hMEK,u) — [\ h(E,u) = h(Ky,u) = @h(K,r,u) + (1 ) h(K,u)

for any —r < A <0, i.e.,

%h(K, u) = %h([(_r,u) + |Alh(E,u),
which leads to
hMEK,u) =h(K_;,u) +rh(E,u) = h(K_, +rE,u)

for every u € Up(K). It shows that K is a tangential body of K_, + rE satisfying,
by hypothesis, (1.6). Theorem 2.2 allows us to conclude that K = K+ |A\| K*. O

3. TOWARDS THE GEOMETRY OF R, _»o

Our aim in this section is to show that condition (1.6) is necessary for a convex
body to lie in R,,—2, as well as characterize the tangential bodies of K_, +rF lying
in R,—_2. We start proving the necessity of (1.6).

Proposition 3.1. Let E € K be a regular and strictly convex body and let K €
Ru—a. Then Uy (K) = Uy(Ky + K*) for every —r < X < 0.

Proof. First notice that since E is regular then (cf. (2.3)) and (2.5)))
clUy(K) = Up(K™) C Up(K ) Ul (K™) CUy(K\ + K*),

and we have to show the reverse inclusion. Any K € R,,_1 is an outer parallel body
of a lower dimensional set (cf. (1.5)), and hence condition (1.6 holds trivially since
K is regular, i.e., since Uy (K) = S~ 1. Thus we assume that K € R,,_2\R,,_1 and
it follows from [13, Theorem 1.2, iv)] that

(31) C].Z/{O(K)\) = Clul(K)\) == ch/{n,g(K,\)

for every —r < A < 0. Now, since F is regular and strictly convex, it holds
clUo(Kx+ K*) = supp S(Kx+ K*[n—1];+) (cf. (2.7)). The linearity of the surface
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area measure in each argument yields

suppS(K,\ + K*[n— 1];~) = suppS(K,\[n— 1];-) UsuppS(K*[n— 1];-)

U [nU suppS(KA[i],K*[n—i— 1];-)1 ,

i=1
and hence we get that

Uo(Kx + K*) C clUy(Kx + K*) = suppS(Kx + K*[n — 1];)

n—2
= clUp(Kx) UclUy(K*)U [U supp S(K,[i], K*[n—i—1]; )] .

i=1
In [21, Lemma 3.4] it is shown that, for any n — 1 sets K, K1, ..., K,,_o € K™,
suppS(K, Ki,...,K,_o; ) - suppS(E, Ki,...,K,_o; -),
provided E € Kf is regular and strictly convex. Hence, we have
suppS(KA[i],K*[n —i—1]; ) - SuppS(KA[i],E[n —i—1]; ) =clUp_i—1(K))

fori = 1,...,n—2 (cf. (2.7)) and thus, together with (3.1), (2.3) and (2.4) it
follows that

n—2
uO(K,\ + K*) - CIUO(K)\) U CIUO(K*) ] [U Clunil(KA)]
1=1

= CIUO(K,\) U CIUO(K*) = CH/{()(KA) U CIUO(K) = C]Z/{O(K),

which shows the result. U

Proposition 3.2. Let E € K be a regular and strictly convex body and let K € K"
be a tangential body of K_, +rE. Then, K € R,,_s if and only if K is a cap-body
of K_, +rE satisfying (1.6) for —r < A <0.

Proof. First we assume that K € R,,_2. Then Proposition 3.1/ ensures that K
satisfies (1.6) for —r < A < 0. On the other hand, since K is a tangential body
of K_, +1rE, we have Uy(K)) = Up(K) for all —r < A < 0 (cf. (2.11)) and hence
K* = K} for —r < A < 0. Thus condition (1.6) can be rewritten as cliy(Ky) =
Up(Kr+ K3), and by Lemma[2.31) we have K C K +|\| K5 for —r < A < 0. Since
K D Ky + |\ K* always holds (cf. (2.8)), both inclusions together with K* = K3
show that K = K + |\ K* for all —-r < XA <0.

Notice that we have shown the above equality for the half-open interval (0, —r],
and so we can apply Lemma 2.2 to get that K = K 4+ |A\| K* for every A € [—1,0].
Then Theorem 2.2 ensures that, in particular, condition (1.6) holds for —r < A < 0.
It remains to show that K is a cap-body of K_, +rE. Since K = K + |\| K* for
all A € [-r,0], by Lemma 2.5 we get

A A
KA=|KT+<1—||) K.
r T
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By the linearity of mixed volumes (see e.g. [22 p. 279]), the above representation
of K can be used to compute W,,_;(\) and W,,_5(A) (cf. (2.1)):

Wo1(A) = V(Ky, E[n—1]) = —%Wn_l(K_r; E)+ (1 + ?) W,_1(K; E),

W, 2(\) = V(K,\[2], E[n — 2)) = (i) Wo(K_y; E)

— 2é (1 + A) V(K_,, K,E[n—2]) + (1 + i)z W, o(K; E),

r r

and hence

ra(A) = % ﬁ Woo(K_ i E) — (1 T 2;\> V(K_,, K, Eln —2))

(142 W,_o(K; E)|.
(1) Westai)]

Since K € R,,—2 it holds W/,_,(\) = 2W,,_1(A) and identifying the corresponding
coeflicients in the above polynomials we get, in particular,

W, _1(K; E) =W, _o(K;E) — V(K,r7 K,E[n — 2]),
or equivalently,
V(K[2],E[n - 2]) = V(K, K_,+rE Eln— 2])

Then, using formula (2.2)) for mixed volumes we get
(3.2) / [h(K,u) = h(K_; + 1E,u)| dS(K, E[n — 2];u) = 0,
S§n—1

and since K_, +rFE C K, (3.2)) is equivalent to h(K,u) = h(K_, + rE,u) for all
u € supp S(K, E[n —2]; ) = clU,—2(K). So K is a cap-body of K_, +rE.

Now we prove the converse. Let K be a cap-body of K_, + rE satisfying (1.6)
for —r < A < 0. We have to show that K € R,_o, i.e., the real function W;(\)
is differentiable and Wi(A) = (n — i)W;31(A\) for all ¢ = 0,...,n — 2 and any
—r < \<0.

By Theorem 2.2l we can write K = K_, + rK*, which implies (cf. (2.12))) that
Ky =K_,+ (r+ A)K*. Hence, for every i =0, ...,n — 2 the linearity of the mixed
volumes yields

(3.3)

which is clearly differentiable, and thus

Wi\ = i <” ; Z) k(r+ NF'W(K_[n — i — k], K*[k], E]i])
k=1

n—i—1

= (Z—HZ) (k+ 1D+ N*V(K_i[n—i—k—1], K*[k+ 1], E[i]).
k=0
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Therefore, K € Ry,_2, i.e., Wi(A) = (n —9)W;41(N), if and only if (comparing
coefficients of the corresponding polynomials, cf. (3.3))

(Z; i)(k + 1)V (K _[n—i—k—1], K*[k+1], E[i])

= (n—i)<n_]i_ 1)V(K_,[n—i—k:— 1], K*[k], B[i + 1])

foralli=0,...,n—2and k=0,...,n —4. Since (k + 1)(k+1) = (nfi)("_]i_l),
K lies in the class R,_» if and only if
(3.4) V(K_r[n—z'—k—l] K*[k], [z+1]) V(K_r[n—i—k—1],K*[k+1],E[i])

forall i =0,...,n—2 and any kK = 0,...,n — 4. Thus, in order to conclude the
proof, (3.4) remains to be shown. Notice that the case i = n —2, k =1 in (3.4),
i.e., the identity V(K*, E[n — 1]) = V(K*[2], E[n — 2]), is equivalent to the fact
that K* is a cap-body of E, as we already know by Lemma [2.4.

Since K = K_; + (r + A\)K* is a cap-body of K_, + (r + A\)E (Lemma 2.4) we
can assure that

h(Kx,u) =h(K_,+ (t+A)E,u) for every u € U,_2(K»),
and so for all u € suppS(Ky[n — i — 1], E[i];+), and any i = 0,...,n — 2. Thus,
using the formula for the mixed volumes given in (2.2)) we get that
V(Kx[n—i—1],K_; + (r + N\)E, Eli]) = V(Kx[n — i], E[i]),
which leads to
V(Kx[n—i—1],K_,Eli]) + (r + A\)V(Kx[n — i — 1], E[i + 1])
=V(Ki[n—i—1],K_,+ (r + A E, E[i]) = V(K\[n — 1], E[i])
=V(Ki[n—i—1],K_, 4+ (r + \)K*, E[i])
=V(Ki[n—i—1],K_,,E[i]) + (r + \)V(Kx[n — i — 1], K*, E[i]),
this is,
V(Kx[n—i—1],E[i +1]) = V(Kx[n —i — 1], K*, E[i]).
Finally, writing Ky = K_; + (r + A)K™* in the above equality and using the corre-

sponding polynomial expressions for the mixed volumes (see [22, p. 280], cf. (1.3))),
we get the identity

Z r+ NV (K [n—i—k— 1], K*[k], E[i + 1))
k=0

= Z (r+ NV(K_[n—i—k—1], K*[k + 1], E[i])

for all —r < A < 0. Comparing coefficients we get (3.4). O

4. THE MAIN THEOREM AND CONSEQUENCES

Remark 4.1. For p > 0 fixed, it is clear that r(K+pE; E) = r+p, wherer = r(K; E),
and the inner parallel bodies of K + pE are given by

{K+(p+)\)E for —p<A<O,
A=

K E)y =K
(K + pE)x g K~|p+\E for —(r+p) <A< —p.
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Then, for all A € [—(r + p),0], W;((K + pE),), 0 < i < n, is the i-th quer-
massintegral of the corresponding inner/outer parallel body of K. In particular,
if K € Ry, 0 <p<n-—1, then W;((K + pE)y), 0 < i < p, is, up to a linear
change of parameter, the i-th quermassintegral of the corresponding inner/outer
parallel body of K € R,; just notice that now the convex body K corresponds to
A = —p. This linear change of parameter ensures the needed differentiability of the
quermassintegrals of (K + pE), for all A € [—(r + p),0]. It shows that if K € R,
then K + pE € R,.

Proof of Theorem [1.1. By Remark 4.1l we may assume that (a dilation of) E is not
a summand of K.

From Proposition 3.2 it follows that cap-bodies of K_, 4+ rFE satisfying condition
(1.6) lie in R,—o.

Conversely, let K € R,,_2\Rn—1. Then we already know (cf. (3.1)) that

cAUp(Ky) = clty(Ky) =+ = clUyp—2(Ky), forall —r< A <0.

Since K € R,,_s, all inner parallel bodies K € R,,_2, —r < A < 0, because their
quermassintegrals satisfy the same differentiability conditions. Notice that the case
A = —r is excluded here since K_, has no inner parallel bodies. Hence, applying
Proposition 3.1 to K we get

(4.1) CN/{Q(K)\> :Z/{Q(K,\—I—K;), —-r<A<0,
and with Lemma 2.31) we conclude that
(4.2) K C Ky + [\ K3

for every —r < A < 0. Since K + [A| K* C K always holds (cf. (2.8)), with (4.2)
we obtain that for all —r < A <0,

(4.3) K\ + A K* C K CKy+ |\ K}

Notice that the left inclusion also holds for A = —r.
At this point we observe that in order to conclude the proof it suffices to show
that

(4.4) cAdUp(K) = clUp(Ky) for —r<A<O.

Indeed, by (2.3) we get Uo(K*) = clUp(K) = clUp(Ky) = Up(KF), and thus
(K*)* = (K3%)*, i.e., K* = K3. This shows by (4.3) that K = K, + |A\| K* for
—r < A <0, and with Lemma 2.2/ we get the validity of the identity K = K\+|\| K*
for all —r < A < 0. Then Theorem 2.2 implies that K is a tangential body of
K_, + rFE satisfying (1.6). Finally, Proposition [3.2] gives the required result.

So it remains to be proved (4.4) for a convex body K lying in R,_s. The
inclusion clUp(Ky) C clUp(K) always holds for —r < A < 0 (cf. (2.4)) and we
have to show the reverse inclusion. Thus we assume that there exists a vector ug €
clUo (K)\ clUp(K ) for some N < 0. Observe that this implies that ug & clly(Ky)
for all A € [—r, \']. Since condition (3.1)) is satisfied, such a vector ug & clUy,—o(Ky/),
i.e., ug is an (n — 1)-extreme vector of K, which does not lie in the closure of its
(n—2)-extreme vectors. Geometrically it corresponds to the fact that ug is a normal
vector at a non-regular point of K/, lying in the interior of the n-th dimensional
normal cone of that point.
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Since ug € clUy(K), there exists € > 0 such that ug € clUp(Ky) for all X €
(—¢,0]. Then, since ug & clUy(K /), there exists

Ao = max{—r <A<O0:ug g CN/{()(K)\)}
satisfying A < A\g < —e < 0, and so ug € clUp(Ky) for all Ay < A < 0. Observe
that if Ag = —r then (4.4) holds trivially, and so we may assume that Ag > —r.

Then the support function h(Kx,ug) = h(K, ug) + Ah(E, ug) for all A\g < A < 0 (see
[18, Lemma 4.4]). Again, a continuity argument (cf. proof of Lemma [2.2) leads to

(4.5) h(Kx,up) = h(K,ug) + Ar(E,up) for all Ag <A <0.
Since (4.1)) holds, we can apply Lemma [2.3]ii) to get

d
(4.6) ah(KA,u) = h(K},u) forevery u € S" !,

and taking derivatives (right derivative for A = X\g) in (4.5) we get that

d
h(KX,uo) = ah(KA,Uo) = h(E,uo)

for all Ag < A < 0. In particular, h(K;NuO) = h(E,up), which implies that ug
cannot lie in the interior of an n-dimensional normal cone at a boundary point of
K, but in the boundary of the cone itself, i.e., ug € clUp—2(Kyx,) = clUp(K>,),
which gives the required contradiction. O

Corollary 4.1. Fvery convex body lying in R.,,_o has any of its inner parallel bodies
(in particular its kernel) as a summand.

Proof. Let K € R,—2. If K € R,,—1 the conclusion is trivial (cf. (1.5)), so we
assume that K € R, _2\Rn—1-

From Theorem|[1.1/it follows that K is a cap-body of K_,+rFE satisfying condition
(1.6), or an outer parallel body of such a set. Then by Theorem 2.2 we get that
K = K+ |\ K*, —r < A < 0 (eventually plus pE, for p > 0). Therefore K is a
summand of K for any A € [—r,0]. O

Notice that we can integrate relation (4.6)), i.e.,

0
h(K,u) — h(Ky,,u) = h(K)*\,u)d)\:h(
Ao

0
K3 dA, u) ,
Ao
for —r < Ao < 0 and all v € S"~!, where the last integral is taken in the Riemann-
Minkowski sense (vectorial integration of functions of one real variable), for which,
in this particular context, we refer to [5]. Thus we get a counterpart of Corollary 4.1,

since K can be written as
0
K =K, + Kd\, forall —r<)\;<O0.

Ao
This shows moreover that
0
K{d\= | | K*, forall —r<Xs<0.
Ao

Remark 4.2. How does a convex body K € R,,_s look like? Of course it is a cap-
body of an outer parallel body of a (strictly) lower dimensional convex body. But
any of these cap-bodies is not valid: the additional points which determine the set
when constructing the convex hull with K_,+rFE cannot lie anywhere. For instance,
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if dim K_, = 1, then those points should lie in the (infinite) cylinder containing
K_, 4+ rE with (n — 2)-dimensional spherical cross section rB,,_o (see Figure 3);
otherwise the kernel K_, would not be a summand of K and, moreover, 1-extreme
normal vectors would appear when taking K_,+rK*, contradicting condition (I1.6).
Figurel3/shows a cap-body of K_,.+1Bs3 lying in Rg; on the contrary, the one shown
in Figure 2/ does not lie in Rg.

\\ \\ I/
| " 1
I / \
/ / \

FIGURE 3. A cap-body of K_, +1Bj3 lying in Rg.

A similar reasoning gives an idea of the situation for any dimension of the kernel.
In general, if K_, is not strictly convex in aff K_,, the “allowed” positions for the
points determining the convex hull have many more restrictions, because of the
segments contained in the (relative) boundary of K_,. Figure 4 shows another
example of a convex body lying in Rg.

5. THE INRADIUS AND THE ROOTS OF THE STEINER POLYNOMIAL

This section is devoted to prove Theorem [1.2: we will show that there are ex-
amples violating the inradius property of Conjecture [1.1l when E = Bs.

Proof of Theorem|1.2. Let K € K3 be a convex body lying in Rg\R,. Then it is
known (see [14, Corollary 1.1]) that

3 /3 ,
0 < V() < 3 (F) Wil BN = fi ()
1=0

for all 0 < A < r(K; Bs), the inequality being strict because K ¢ R.. Therefore,
if £ is any (positive) real root of fx p,(—A) then £ > r(K; Bs), which implies that
—¢ is a root of the Steiner polynomial fx p, () satistfying that —¢ < —r(K; Bs).
Thus if we find a convex body K € Rg\R, such that its Steiner polynomial has 3
real roots, the above argument will show that all those (real) zeros are strictly less
than —r(K; B3), proving the theorem.

Let C C R3 be the square with edge length 1. It can be checked that the Steiner
polynomial of C, fc,p,(A) = 2A(1 + 7A + (2m/3)A?), has three simple real roots.
In [12, Theorem 3] it is proved that the Steiner polynomial of the outer parallel
body of a convex body has the same type of roots (i.e., real or complex, including
multiplicities) as the Steiner polynomial of the original body. Therefore, the Steiner
polynomial of the outer parallel body C; = C'+ B3 € R, has also three simple real
roots. Next we consider K = conv{C1,p}, where p is a point lying on the affine
hull of any diagonal of the square and close enough to C; (see Figure 4).

Finally observe that when the roots of a polynomial are considered as functions
of the coefficients of the polynomial, these functions are continuous (see e.g. [10,
p. 3]). On the other hand, in [I2, Theorem 1] it is shown that the type of roots
(real or complex, including multiplicities) of a Steiner polynomial is characterized
by relations involving only the coefficients of the polynomial, i.e., the quermassin-
tegrals. Moreover, quermassintegrals are also continuous functionals on K? (with
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FIGURE 4. A cap-body of C; = C + Bs.

respect to the Hausdorff metric). Thus, the above three properties show that for p
sufficiently close to Cy the Steiner polynomial fx p,(A\) will have the same type of
roots as fc, B, (M), i.e., three real roots.

It is clear that r(K;Bs) = 1, and it is easy to verify that K is a cap-body
of K_1 + Bj satisfying (1.6) for —1 < A < 0. Then Theorem [1.1 ensures that
K € Rg, and moreover, K ¢ R.. Thus, we have constructed a convex body
K € Rg\R., satisfying that its Steiner polynomial has three real roots, which
shows the result. (]

Remark 5.1. The same argument works for an arbitrary odd value of the dimension,
since for any convex body K lying in R,,_2\R,—1, with n odd, it holds V(K _)) <
S (D Wi(K; By)(—A)* (see [14, Corollary 1.1]). The construction of the convex
body K € R,,—2\R,—1 with n real roots is analogous.

We conclude providing a numerical example in dimension n = 3. We use the
same notation as in the proof of Theorem 1.2, and we denote by p, the point
lying on the affine hull of a diagonal of the square, so that « € (7/4,7/2) is the
angle determined by the diagonal containing p, and any supporting line to C
through p,. It is not difficult to check that the quermassintegrals of the body
K(a) = conv{C1,ps} are given by

V(K (@) = 5 (203 -+ 47) + mg(0),

Wi (K (a); Bs) = é(?(l + 37) + mg(a)), Wa(K(a); Bs) = g(él + g(a)),
where g(a) = (1 + sin®«)/sina (see also [8, pp. 35-37]). Then if for instance
a = /3, the roots of the Steiner polynomial fr (x/3),B,(A) are

£ = —1.011659895. .., & = —2.099838756. .., &5 — —1.404045804 . . .,
all of them strictly smaller than —r(K; Bs) = —1.

Acknowledgement. The authors would like to thank the anonymous referees for the
very valuable comments and suggestions.
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